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Abstract 


Molodtsov introduced the concept of soft set theory, which can be used as a generic 
mathematical tool for dealing with uncertainty. In this paper we introduce the basic 
properties of soft sets, and compare soft sets to the related concepts of fuzzy sets and 
rough sets. We then give a definition of soft groups, and derive their basic properties 


using Molodtsov’s definition of the soft sets. 


Introduction 


Most of the problems in engineering, medical science, economics, environments etc. have 
various uncertainties. To exceed these uncertainties, some kinds of theories were given 
like theory of fuzzy sets , intuitionistic fuzzy sets , rough sets , i.e., which can be used as 
mathematical tools for dealing with uncertainties. As was mentioned , these theories 
have their own difficulties. In 1999, Molodsov initiated a novel concept of soft set 


theory, which is a completely new approach for modeling vagueness and uncertainty. 


A soft set is a parameterized family of subsets of the universal set. We can say that soft 
sets are neighborhood systems, and that they are a special case of contextdependent 
fuzzy sets. In soft set theory the problem of setting the membership function, among 
other related problems, simply does not arise. This makes the theory very convenient 
and easy to apply in practice. Soft set theory has potential applications in many 
different fields, including the game theory, operations research, Fiemann integration, 
Perron integration, probability theory, and measurement theory. After Molodsov’s work, 
some different applications of soft sets were studied M. Aslam et al./Ann. Fuzzy Math. 
Inform. 4 (2012), No. 1, 177-195 . Furthermore Maji, Biswas and Roy worked on soft 
set theory . Some corrections were given by M. Irfan at el. In this paper, we extend the 


idea of soft groups introduced by Aktas and Cagman and develop the soft group theory. 


Chapter 1 


Concept of Soft Set 


Soft set is a parametrized general mathematical tool which deal with a collection of 
approximate descriptions of objects. Each approximate description has two parts, a 
predicate and an approximate value set. In classical mathematics, a mathematical 
model of an object is constructed and define the notion of exact solution of this model. 
Usually the mathematical model is too complicated and the exact solution is not easily 
obtained. So, the notion of approximate solution is introduced and the solution is 
calculated. In the soft set theory, we have the opposite approach to this problem. The 
initial description of the object has an approximate nature, and we do not need to 
introduce the notion of exact solution. The absence of any restrictions on the 
approximate description in soft set theory makes this theory very convenient and easily 
applicable in practice. Any parameterization we prefer can be used with the help of 


words and sentences, real numbers, functions, mappings and so on. 


Concept of Soft Set 





Let U be an initial universe set and F be a set of parameters. Let P(U) denotes the 


power set of U and AC E. 


Definition 1.1. A pair (F) A) is called a soft set over U , where F' is a mapping given 
by F: A> P(U). 


In other words, a soft set over U is a parametrized family of subsets of the universe U 


Definition 1.2. Let F be a soft set. A function a: A > U is called soft element of F 
if a(t) € F(t) for all t € A. we write a €, F. 


Definition 1.3. Let F : A— P(U) be a soft set. Then the collection of all soft 
elements of F is denoted by SE(F), so SE(F)={f:f:A—U, f(t) © F(t), Vt € A} 


Theorem 1.4. For any two soft sets F andH ,HC,F @& SE(H) CSE(F). 


Proof: Let H Cc, F then H(t) C F(t) for allt € A. 

Now letx € SE(H) , Sox: A—-U and x(t) € H(t) for allt € A. 
It implies that x(t) € F(t) as H(t) C F(t). 

Therefore x € SE(F). 


Conversely, suppose SE(H) C SE(F) andt € A. 
Let a € H(t) anda €, H such that a(t) =a. Thenae€ SE(H)>ae SE(F). 
Therefore a(t) € F(t) .So H(t) C F(t). Since t € A is arbitrary the result follows. 


Example 1.5. Let (X,7) be a topological space , that is X is a set and 7 is a topology 
, in other words , 7 is a family of subsets of X , called the open sets of X. Then the 
family of open neighborhoods T(x) of point x , where T(x) = {V €7 | «x € V}, may be 
considered as the soft set (T(x), 7). 


Concept of Soft Set 





Example 1.6. Suppose that U = {hj, ho, h3, ha, hs, he} be a universal set consisting of a 
set of six houses under consideration , E = {e), €2, €3, €4, 5} be a set of parameters with 
respect to U, where each parameter e;,2 = 1, 2,...,5 stands for expensive , beautiful 
cheap , modern , wooden respectively and A = {e1,¢€3,e5} C E. Suppose a soft set 


(F, E) describes the attractions of the houses , such that 


F(e1) = tha, ha} 
F(e2) = {hi, hs}; 
P(e3) = {hs, ha, hs}, 
F(ea) = {hs, ha, hs}, 
Fes) = {hi} 
The soft set (F, £) is a parametrized family {F'(e,),i = 1,2,3,.,6} of subsets of the 
set U defined as 


oar A) = {F(e1), F(e2), F'(es)} i.e (F, A) = {{he, ha}, {hi, hs, hs}, {hs, ha, hs}} 


Example 1.7. Zadech’s fuzzy set may be considered as a special case of the soft set. Let 
A be a fuzzy set, and w4 be the membership function of the fuzzy set A , that is 4 is a 
mapping of U into {0, 1]. 


Let us consider the family of a-level sets for function j14 
F(a) ={xeU | pa(z) >a} , a € [0,1] 


If we know the family F’ , we can find the functions j14(xz) by means of the following 


formulae: 


Ma(x) = SUP g¢[0,1] @- 


Thus, every Zadeh’s fuzzy set A may be considered as the soft set (F' [0, 1}). 
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Concept of Soft Set 





Definition 1.8. A soft set (F,A) over U is said to be empty whenever A= ¢. 


Symbolically, we write (¢,@) for the empty soft set over U . 


Definition 1.9. A soft set (Ff, A) over U is called a universal soft set if A = EF and 
F(e) =U for all e € A. Symbolically, we write (U, E) for the universal soft set over U. 


Definition 1.10. For two soft sets (FA) and (G, B) over a common universe U , we 


say that (PF, A) is a soft subset of (G, B) if 


(i) AC B, and 
(ii) Ve € A , F(e) and Ge) are identical approximations. 


We write (F, A) C~ (G, B). 


(F, A) is said to be a soft super set of (G, B) , if (G, B) is a soft subset of (FA). We 
denote it by (F, A) D~ (G, B). 


Definition 1.11. Two soft sets (F,A) and (G, B) over a common universe U are said to 


be soft equal if (F, A) is a soft subset of (G, B) and (G, B) is a soft subset of (F, A). 


Proposition 1.12. For any soft set (FA) over U , (¢,¢) C (F, A) C (U, F) 


Example 1.13. Let U = {u1, ua, us, us, Us, Ue} be a universe set and 

E = {€1, 2, €3, €4, €5} be a set of parameters. 

Let A = {e1, €3,e5} C F and B = {e), eo, €3,e5} CE 

Let (F, A) and (G, B) be two soft sets over the same universe U where 

G(e1) = {u2,ua} , Gle2) = {us,us} , Gles) = {us,us,us} , Gles) = {ur} 
F(e,) = {u2,us} , F(e3) = {us,us,us} , Fes) = {ur} 


Then (fF, A) C~ (G, B) since A C B and F(e) C Ge) , Ve € A. But (G, B) £~ (F, A) 
Hence (F, A) 4 (G, B) 


Concept of Soft Set 





1.1 Operations on Soft Sets 


In this section, we generalize the basic operations on classical sets to soft sets. 
soft set (FA) is called a null soft set if F'(e) = ¢ for all e € A. Because ¢ does not 
belong to the codomain of F’ in our framework, we redefine the concept of empty soft set 


as follows. 


Definition 1.14. Let (F, A) and (G, B) be two soft sets over U. The Intersection of 
(FA) and (G, B) , denoted by (F, A) N(G, B) , is defined as (F' NG, C) where 


C={eEeANB| Fle)NG(e)#o} , VeEeC 
(F 1 G)(e) = F(e)N G(e) 


In particular, if AN B = ¢ or F(e) 1 G(e) = ¢ for every eC ANB, 
then we see that (F, A) (G, B) = (¢, ¢) 


Definition 1.15. Let (F, A) and (G, B) be two soft sets over U. The Union of (F, A) 
and (G, B) , denoted by (F, A) U(G, B) , is defined as (F. UG,C) where 


C=AUB, VeEC 
F(e) if e€A\B 
(FUG)(e) = G(e) if ee B\A 
F(e)UG(e) Otherwise 


Concept of Soft Set 





Definition 1.16. Let (F, A) be a soft sets over U. The Complement of (FA) ,with 
respect to the universal soft set (U, E) , denoted by (fF, A)° , is defined as (F°,C’) where 


C=E\{eEA| F(e)=U}={eEeA]| Fle) =U} , VeEeCc 


Fe(e)= 


U \ F(e) if ecA 
U Otherwise 


Definition 1.17. Let (FA) and (G, B) be two soft sets over U. The difference of 
(F’, A) and (G, B) , denoted by (F,, A) \ (G, B) , is defined as (F’ \ G,C) where 


C=A\{eEe ANB | F(e)CGle)} , VeEeC 


F(e) \ G(e) if e€ ANB 


(F\ G)(e) = . 
F(e) Otherwise 


Example 1.18. Recall that the soft set (FA) describing the “attractiveness of the 
houses” and defined by A = {€o, €3, €4, €5, 7} 

Fea) = {ho,hs, hs} , Fles)={ho, hat , Flea)=i{m} , Fles) =U , 

F(ez) = ths, hs} 


In addition, we assume that the “attractiveness of the houses” is described by the soft 


set (G, B) , where 


G(e1) = {h3,hs} , Gle2)= {ha} , Gles) = {he ha} , Gles) = {he hs, ha, hs}, 
G(e6) = G(e7) = {hs} 


Concept of Soft Set 





Then by a direct computation, we can readily obtain (F, A) (G,B) , (F,A)U(G,B) , 
(F, A)° and (F, A) \ (G, B) as follows. 


(i) (F,A)N(G, B) = (FG, {es, 4, es, e7}) where 


(F MN G)(e3) = {ho, ha} 5 (F MN G)(e4) = {hi} 5 (F MN G)(es) = {ho, hs, ha, hs} 5 
(FN G)(er) = {hs} 


(ii) (FP, A) U(G, B) = (FUG, {e1, e2, €3, ...,e7}) where 


(F UG)(e1) = {hs, hs} , (FM G)(e2) = {ho, hs, ha, hs}, (FU G)(e3) = {he, ha} , 
(FUG)(e4) = thit , (PUG)(6s) =U , (PUG)(E) = tha} , (PU G)(er) = tha, hot 


(iii) (F,A)° = (F°, {e1, e, ..., eg }) where 

Fe(e;)=U , Fe(eg) ={hi, ha} , Fo(es) = {hi hs, hs} , Fe(es) = {ha, hz, ha, hs} , 
F’“(e¢) => U, F“(e7z) = {hi, ha} and F°(eg) =U 

(iv) (F,A)\(G,B) = (F\G, {eo, es,e7}) where 


(F \ G)(e2) = tha, ha, hs} , (F\ G)(es) = {hi} and (F \ G)(e7) = {hs} 


Concept of Soft Set 





Proposition 1.19. Let (FA) and (G, B) be two soft sets over U. Then 
(F, A) = (F,A)° if and only if (F, Aen (F, A) = (0,6) and (F,A)°U(F, A) = (U, B). 


Proof: If (G,B) = (F,A)*, then we see by definition that (F, A)°N (F, A) = (¢,¢) and 
(FP, A)°U (F, A) = (U, E) = (PB, A) U (FS, fe € A| F(e) = U}*°) = (U, E). Whence, the 


necessity 18 true. 


Conversely , assume that (F, A)° (FP, A) = (¢, ¢) and (F, A)°U (Ff, A) = (U, E). 
The latter means that E = AUB Moreover, we obtain that F(e) =U for alle€ A\ B 
and G(e) =U for allee B\ A. 


For any e € ANB, it follows from (F, A)°N (F, A) = (¢, ¢) and (Ff, A)°U (F, A) = (U, E) 
that F(e) UG(e) =U and F(e)NG(e) = ¢. As neither F(e) nor G(e) is empty, 
this forces that B = {e € A| F(e) =U}*. 


For anye€ B, ifee A, then G(e) = F(e)° = Fe). 
ifee B\ A, then G(e) =U = Fe). 
The implies that (F, A)° = (F°,{e € A| F(e) =U}*) =(G, B) 


Corollary 1.20. For any soft set (F, A) over U, we have that 


((F, A)°)*° = (F, A) 


Proof: Note that (F, A)°N (F, A) = (¢, ¢) and (F, A) U (Ff, A) = (U, E) It therefore 
follows from Proposition 1.19 that (F’, A) = ((F, A)°)° as desired. 


With the above corollary, we can prove the De Morgan’s laws of soft set 
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1.1.1 DeMorgan’s laws 


In this sub section, we show that the following De Morgan’s type of results hold in soft 


set theory for different types of union , intersection , complements operation. 


Theorem 1.21. (DeMorgan’s laws). For any soft sets (F', A) and (G, B) over U. 


we have that 
() [UZ 4)U (GB) = (8 AP n(G, By 
(2) [PVA (GB) | = i Ayr UG, B)° 


Proof: (1) Let (F, A) U(G, B) = (H,C) where H(c) = F(c) 1 G(c) for all 
c€E€C=ANBF®. since ((F, A) U(G, B))" = (A,C)" by definition 

H'(c) =U — [F(c) UG(c)] = [U — F(c)] U[U — G(c)] for all ce C. 

Now (F, A)’ N(G, B)" = (F", A)N (G", B) = (K,C) where C= ANB. So by definition, 


we have 


K(¢) = Fo) NG"(c) = (U — F(c)) N(U — Ge) 
= H"(c) for allc EC. 
Hence |(F, A) N(G, B)|" = (F, A)’ U (G, B)" 


(2) Let [(F, A) N(G, B)]’ = (A,C) where H(c) = F(c)NG(c) for alc € C=ANBF¢. 
since ((F', A)N(G, B))" = (H,C)" by definition 

H'(c) =U — (F(c)NG(c)) = [U — F(c)] U[U — G(c)] for all c eC. 

Now (F, A)’ U(G, B)’ = (F", A) U(G", B) = (K,C) where C= ANB. So by definition, 


we have 


K(c) = F'(c) UG"(c) = (U — F(c)) UU — G(o)) 
= H"(c) for allc EC. 
Hence |(F, A) N(G, B)|" = (F, A)’ U (G, B)” 
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1.2 Soft Set Functions 


Definition 1.22. Let (FA) and (G, B) be to non-empty soft sets. Then soft set 
relation f : (F, A) — (G, B) is called a soft set function if every element in domain has a 


unique element in the range. If F'(a)fG(b) then we write f(F'(a)) = G(b). 


Example 1.23. Let U = {p1, po, p3, pa, Ps, Pe, P7} 
A= {a1, a2, 43, a4} 
B= {by, bo} 


Consider the soft sets (F', A) and (G, B) defined by 


F(a) = {p1, P2, Ds} ; F (az) a {p2, p3, pa} ’ F(as) = {p1, p2} ’ F(a) = {p5, Po} ’ and 
G(b1) = {p1, po, } , G(b2) = {po, ps, pe} . Then a soft set function f : (F, A) > (G, B) is 


given by 


a = { F(a) x G(b) F F (az) x G(b;) F F (a3) x G(b2) 5 F(a4) x G(b2)} 


Definition 1.24. A function f from (F, A) to (G, B) is called injective (one-one) if 
F(a) # F(6) implies f(F(a)) 4 f(F(B)). 


Definition 1.25. A function f from (F, A) to (G, B) is called surjective (onto) if 
ranf = (G, B) 


Definition 1.26. A function which both injective and surjective is called a bijective 


function. 
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Chapter 2 


Soft Groups 


Let G be a group and A be a nonempty set. R will refer to an arbitrary binary relation 
between an element of A and an element of G. A set-valued function F: A — P(G) can 
be defined as F(x) = {y € G| (x,y) € R} for all a € A. The pair (F, A) is a soft set 
over G .Defining a set valued function from A to G also defines a binary relation R on 
AxG, given by R= {(z,y)€ AxG: ye F(az)}. The triple (A, G, R) is referred to as 


an approximation set. 


Definition 2.1. Let (FA) be a soft set over G . Then (F, A) is called a soft group 
over G if and only if F(x) is a subgroup of G for all x € A 


Example 2.2. Suppose that G = A = $3 = {e, (12), (13), (23), (123), (132)} and that we 
defined the set valued function F(z) = {y€G : cRysy=2",ne€ N} Then the soft 
group (FA) is a parameterized family {F'(x) : x € A}of subsets, which gives us a 


collection of subgroups of G. 


F(e)=fe} , F(12)={e,(12)} , (13) = fe,(13)} , (23) = fe, (23)} , 
F(123) = F(132) = {e, (123), (132)} 
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Definition 2.3. Let (F, A) be a soft set over G . Then, for all x € A 


i) (F,A) is called an identity soft group over G if F(a) = {e}, where e is the identity 
element of G . 


ii) (F, A) is called an absolute soft group over G if F(x) = G. 


Definition 2.4. For a soft set (fF, A) the set Supp(F, A) = {x € A| F(x) £ >} is called 
the Support of the soft set (F, A). The null soft set is a soft set with an empty support, 
and a soft set (F, A) is non-null if Supp(F, A) ¥ ¢. 


Definition 2.5. Let (Ff, A) and (H, Kk) be two soft group over G. Then (H, Kk) is a soft 
subgroup of (Ff, A), written (H, K) < (F, A) if 


(i) KCA 
(it) H(x) < F(a) for alae K 


Theorem 2.6. Let (FA) and (G, A) be two soft groups over G. 
(1) If F(x) C H(a) for all x € A, then (F,A) is a soft subgroup of (H, A). 


(2) If E = {ec}, and (F, A) and (F,G) are both soft groups over G, then (F, A) is a soft 
subgroup of (FG). 


Proposition 2.7. Let (Ff, A) and (H, B) be two soft groups over G , Then their 


intersection (Ff, A) M(H, B) is also a soft group over G. 
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Proposition 2.8. Let (F, A) and (H, B) be two soft groups overG . ifANB=¢, 
Then (Ff, A) U (H, B) is also a soft group over G. 


Proof: Since AN B = @, it follows that eitherx € A— B orx€ B—A forallx EC. 
let (F, A) U (A, B) = (U,C) Ifxe A-B then U(x) = F(x) < G andx € B—A then 
U(x) = H(x) < G Thus (F, A) U (H, B) is also a soft group over G. 


Example 2.9. Let G = {0,a,6,c} be the Klein-4 group with the operation table given 


below. 




















Let A =G and the soft set (F, A) over G, where F' : A > P(G) is a set-valued function 
defined by F(x) = {y€ G|xay & y = nz forsome n € N} 


for all x € A. Here, nx =x+a+...+ x” means the n-fold sum of x ans 0x = 0, 
Then F(0) = {0} , F(a) = {0,a} , F(b) = {0,b} , F(c) = {0,c}, which are all 
subgroups of G. Hence, (F’, A) is a soft group over G. 


Let B =G and the soft set (H, B) over G , where H : B > P(G) is defined by 
H(z) = {0}U{yeG|rzayeart+y=b} 


Then H(0) = {0,b} , H(a) = {0,c} , H(b) = {0} , H(c) = {0,a} which are all 
subgroups of G. Hence, (H, B) is a soft group over G. 
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2.1 Normal soft groups 


In this section, we define normal soft group and prove some of their related results. 


Definition 2.10. A soft group (F, A) over G is called a normal soft group over G if 


F(x) is a normal subgroup of G for all x € A. 


Example 2.11. Consider the group Dy = {e, a, a’, a®, b, ab, a7b, a®b} which is generated 
by two elements a and b satisfying the relations o(a) = 4, 0(b) = 2 and ba = ab. 
Consider the set of parameters A = {t1,t2,t3}. A mapping F’: A + P(D,) such that 
Fi) =4e.0, aa? F's) S16 a7 007} and Fis) = 46.00, a". ab} 

For each parameter, F(t) is a normal subgroup of D,. This implies that the pair (F’, A) 


is a normal soft group over G. 


Corollary 2.12. Let (FA) be a normal soft group over G. Then (F, A) is commutative 


with every soft set over G. 


Definition 2.13. Let (FA) be a soft group over G and (H, B) be a soft subgroup of 
(F’, A) . Then, we say that (H, B) is a normal soft subgroup of (F, A) , written 
(H, B) < (F,A) , if H(z) is a normal subgroup of F(x); ic, H(a) < F(x) for alla € B 
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2.2 Abelian soft groups and Abelian soft subgroups 


In this section, we define Abelian soft groups and Abelian soft Subgroups of a soft group 


and check out their properties. 


Definition 2.14. A soft group (F, A) over G is said to be abelian soft group over G if 


each F(a) is an abelian subgroup of G for all a € A. 


Example 2.15. Consider the group S3 = {e, x,y, y”, ry, ry?} which is generated by two 
elements x and y satisfying the relation o(x) =2, o(y)=3, ry = y*a and yx = xy’. 
Consider the set of parameters A = {e,a, 3,7}. A mapping F : A > P(S3) such that 
F(a) = {e,x}, F(8) = fe, y, y?} and F(y) = {e, ry}. Then (F, A) is a soft group over 
S3. since for each parameter a € A, F(a) is an abelian subgroup of S3. Hence (F’, A) is 


an abelian soft group over 53. It is interesting to not that $3 ia not abelian. 


Definition 2.16. Let (FA) be a soft group over G and (H, B) be a soft subgroup of 
(F’, A). Then we say that (H, B) is an abelian soft subgroup of (FA) if H(x) is an 
abelian subgroup of F(x) for all « € B. 


Theorem 2.17. Every soft subgroup (H, B) of an abelian soft group (fF, A) over G is a 
normal soft subgroup of (F, A). 


Proof: Since each F(a) for alla € A is an abelian subgroup of G and each H(a) is a 
subgroup of F(a) for alla € B. It is well known that a subgroup of an abelian group is a 
normal subgroup. This implies that H(a) is a normal subgroup F(a) for alla € B. 


Hence (H, B)<(F,A). 
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2.3 Cartesian product of soft groups 


In this section, prove some results by using cartesian product of soft groups. 


Definition 2.18. Let (FA) and (H, B) be two soft sets over G and K , respectively, 
and let f: G— K and g: A— B be two functions. Then we say that (f,g) is a soft 


homomorphism, if the following conditions are satisfied: 
1. f is a homomorphism from G to K. 


2.g is mapping from A onto B. 


In this definition, if f is an isomorphism G to K and g is a one-to-one mapping from A 
on to B , then we say that (f,g) is a soft isomorphism and that (F’, A) is soft isomorphic 
to (H, B). The latter is denoted by (F, A) ~ (H, B) 


Definition 2.19. Let (FA) and (H, B) be two soft groups over G and K, respectively. 
Then the cartesian product of soft groups (F’, A) and (H, B) is denoted by 

(fF, A) x (H, B) = (U,A x B) and U is defined as U(a,b) = F(a) x H(b) for all 

(a,b)€ Ax B. 


Corollary 2.20. Let (F, A) and (H, B) be two normal soft groups over G and Kk 
respectively. Then the cartesian product (F, A) x (H, B) is a normal soft group over 


G x K and (F, A) x (H, B) is soft isomorphic to (H, B) x (F,A). 
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Theorem 2.21. Let (Ff, A) and (H, B) be two soft groups over G and K , respectively. 
Then the cartesian product (F,A) x (H, B) is a soft group over G x K and 
(F, A) x (A, B) is soft isomorphic to (H, B) x (F,A). 


Proof: Now we show that (f,g) : (F, A) x (H, B) > (H, B) x (F, A) is a soft 
isomorphism That is (f,g):(U,A x B) > (W,B x A) is a soft isomorphism where W/(b, 
a) is defined as W(b,a) = H(b) x F(a) .Actually, we prove three conditions. 


1. We show that f: Gx K > K x G is an isomorphism. Let f be a function defined by 
f(g, k) = (k,g). Then obviously f is an isomorphism. 


2. Now we show thatg: Ax B+ Bx A is a bijective mapping. The mapping g is 
defined by g(a, b) = (b,a) then obviously g is a bijective mapping. 


3. 


f(U(a, 6)) = f(F(a) x H(b)) 
= f(l(g.k) : 9 € F(a), k © H(d)}) 
= {(k,g) : ke H(b), g € F(a)}) 
= H(b) x F(a) 
= W(b,a) 
= W/(g(a,b)) for all (a,b) € Ax B 


This implies that (f,g): (F, A) x (H, B) > (H, B) x (F,A) is a soft isomorphism. 
Hence , (F, A) x (H, B) ~ (A, B) x (F, A). 


19 


Soft Groups 





2.4 Cyclic Soft Groups 


In this section, we define cyclic soft groups, cyclic soft subgroups and check out their 


properties. 


Definition 2.22. A soft group (F, A) over G is called a cyclic soft group over G if each 
F(a) is a cyclic subgroup of G for all a € A. 


Example 2.23. Consider the group D4 = {e, a, a”, a®, b, ab, a7b, a®b} which is generated 
by two elements a and 6 satisfying the relations o(a) = 4, 0(b) = 2 and ba = a®b. 
Consider the set of parameters A = {t1, to, ts, ta, ts,te}. A mapping F': A > P(D4) 
such that: F'(t;)-=4é,07} >.) =e, 6) FCs) = 4e.ab} , PGs) —fe.a7b) 

F(ts) = {e,a°b} , F(ts) = {e, a, a”, a*} then (F, A) is a soft group over Dg. 

since for each parameter a € A, F(a) is a cyclic subgroup of D4. 


Hence (F, A) is a cyclic soft group over D4. 


Definition 2.24. Let (FA) be a soft group over G. Then a soft subgroup (H, B) of 
(fF, A) is called a cyclic soft subgroup of (Ff, A) if H(a@) is a cyclic subgroup of F(a) for 


alla € A. 


Theorem 2.25. Every cyclic soft group (F,A) over G is an abelian soft group over G. 


Proof: Let (F, A) be a cyclic soft group over G. Then each F(a) is a cyclic subgroup of 
G for alla € A, but then each cyclic subgroup is abelian subgroup of G. Hence each 
F(a) is an abelian subgroup of G for alla € A. This implies that (F’, A) is an abelian 
soft group over G. 
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Theorem 2.26. Let (fF, A) be a soft group over G. If a cyclic soft subgroup (H, B) of 
(fF, A) is a normal soft subgroup of (fF, A), then every soft subgroup of (H, B) is a 
normal soft subgroup of (F, A). 


Proof: Suppose cyclic soft subgroup (H, B) of (F, A) is a normal soft subgroup of 
(FA). Let (K,C) be a soft subgroup of (H, B), this implies that (K,C) is a cyclic 
subgroup of (H, B) and hence a cyclic subgroup of (F, A). We show that (K, B) is a 
normal soft subgroup of (F,A). We have H(a) is a cyclic subgroup of F(a) for all 
aé€ B. But, H(a) is a normal subgroup of F(a) for alla € B. Hence, (K,C), a soft 
subgroup of (H, B) is a normal soft subgroup of (F, A). 
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2.5 Soft coset of a soft group 


In this section, we define the soft coset of a soft subgroup of a soft group, order of a soft 


group, soft index, partition of a soft group and prove their related results. 


Definition 2.27. Let (FA) be a soft group over G and (H, B) is any soft subgroup of 
(Ff, A). Let a € NF (x). Then the soft set (Ha, B) defined as (Ha(b) = (H(b)) a for all 
b € Bis called a soft right coset of (H, B) in (F, A) generated by a. Similarly, the soft 
set (aH, B) is called a soft left coset of (H, B) in (FA) generated by a. 


Example 2.28. Consider the group Dg = {e, a, a”, a®, b, ab, a7b, a®b} which is generated 
by two elements a and b satisfying the relations o(a) = 4, a? = b? and ba = ab. 
Consider the set of parameters A = {t1, to, t3,t4}. A mapping F : A — P(Dg) such that 
F(t,) = {e,a*} , F(t2) = {e,a,a*,a?} , F(t3) = {e, ab, a?, a°b} and F(t4) = {e, b, a”, a*b} 
For each parameter, F(t) is subgroup of Dg.Hence (F’, A) is a soft group over Dg. 

since NF'(t;) = {e, a7} for all t; € A. 

Let B = {to,t3,t,} and consider (H, B) be any soft subgroup of (Ff, A) such that 

H (tz) = {e,a7} , H(ts) = {e, ab, a?,a°b} , H(ts) = {e, b, a”, a2b} Now we find soft left 


coset as follows: For identity element we have, 
(.H, B) = (H, B) 
and 
(2H, B) = {a°(H(t2)) : Vt € B} 


Now we find a?H(t) for all t € B as follows 

a?(H(t2)) = H(t2), a?(H(t3)) = H(t3), a?(H(t4)) = H(t4). This implies that a 

(H, B) = (H,B). Hence, the only soft left coset of (H, B) in (F, A) is itself (H, B). 
Similarly, we can find soft right coset which is (H, B) itself. 
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Definition 2.29. Let (FA) be a soft group over G. Then the order of a soft group 
(F, A) is the number of distinct subgroups of G 


Theorem 2.30. Let (fF, A) be a soft group over a finite group G and F(x) € (F, A). 
Then one has the following 


1.The order of F(a) divides the order of (F,A). In particular, F(x)\) = {e}. 
2.The order of (F, A) divides the order of G. 


When G is a finite group, then the order (F, A) is a finite and the orders of elements of 
(fF, A) divide the order of (F, A). However when G is an infinite group, then the order of 
(fF, A) can be finite or infinite. 


Example 2.31. let (Ff, A) be soft set over $3, where A = $3 , and find the order of the 


elements of $3 

F(e)' = {e} |F(e)| =1 F(12)! = {(12)} , F(12)?={e} |F(12)| =2 
F(13)! = {(13)} , F(13)? = fe} |F(13)| =2 

F(23)! = {(23)} , F(23)? = {e} |F(23)| =2 

F (123)! = {(123)} , F(123)? = {(132)} , F(123)3 = {e} |F(123)| =3 


F (132)! = {(132)} , F(132)? = {(123)} , (132)? = {e} |.F(132)| =3 
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Example 2.32. Let (F, N) be a soft group over group of integer numbers Z where F' is 
a mapping from natural numbers N to P(Z) such that F'(n) = nZ for all n € N. There 
is no any positive integer m such that F'\(n)” = {e} , so F'(n) has infinite order for all 


neN—{0}. 


Theorem 2.33. Let (fF, A) be a soft set over finite group G and F(x) € (F, A) for 
x € A ,Then the order of F(x) is the least common multiple (LCM) of order of 
elements of F(x) 


Proof: Let n be the order of F(x). Then F(x)" = {e}. This means that a” = e for all 

a € F(x). We know from classical group theory that |a| | n, namely, a, divides n for all 
a€ F(x). Thus, n is common multiple of elements of F(x). Let m be another common 

multiple of elements of F(x),Then by reason of a” =e for allac€ F(x) , F(x)™ = {e}. 
However, since n is the least number that satisfies the condition F(x)" = {e} 


hence n | m. 


Theorem 2.34. Let G be finite group (F, A) a soft group over G, and F(x) and F(y) 
the elements of (F, A) , Then for all x,y € A, one has the following: 


1. |F(a)N F(y)| < GOD(|F(2)|, |F(y)|) for z,y eA 
2. |F(z)UF(y)| = LOM (|F(2)|, |F(y)|) for x,y € A 
3. |F(z) x F(y)| = |F(@)||FY)| for 2, y € A. 
Proof: We consider the following. 


1. F(x)N F(y) is subgroup of F(x) and F(y) so |F(x)N F(y)| | |F(x)| and 
IF@)O FY) IPM). It follows |F(@) 0 Fy)| < GCD(IF(@)|, IF) 
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Definition 2.35. The number of distinct soft left (or right) cosets of a soft subgroup 
(H, B) of a soft group (F, A) over G is called the soft index of (H, B) in (F, A) and is 
denoted by [(F, A) : (H, B)]. 


Theorem 2.36. A soft subgroup (H, B) of a soft group (F, A) over G is a normal soft 
subgroup of (FA) if and only if each soft left coset of (H, B) in (F, A) is a soft right 
coset of (H, B) in (F, A). 


Proof: Let (H, B) be a normal soft subgroup of (F, A). Then obviously 
(,H, B) = (Hz, B) for allx ENF (a). Thus, each soft left coset of (H,B) in (F,A) is a 
soft right cost of (H,B) in (F, A). 


Conversely , suppose that each soft left coset of (H, B) is a soft right coset. 

Then we have (+H, B) = (Hz, B) for some x € NF (a). This implies that 

x(H(b)) = (A(b))y for allb € B. Since e € H(b) for allb€ B, soxe =x € x(H(b)). 
Therefore, we have x € (H(b))ax for allb € B. This implies that x € (H(b))x and hence 
we have x(H(b)) = (H(b))ax for allb € B. This shows that (.H, B) = (Hz, B). 


Hence, (H, B) is a normal and obviously, normal soft subgroup of (F, A). 


Corollary 2.37. Let (F, A) be a soft group over G and (H, B) be a soft subgroup of 
(F,A). Then for all x €NF(a), |(eu,B)| = |(He, B)| = (HB). 


Definition 2.38. Let (FA) be a soft set over U. Then by partition of (FA) we mean 
a collection of all such soft subsets of (Ff, A), that is {(F;, A;) : 7 € J} such that 
(F, A) = U(F;, A;) and (F;, A;) U (Fj, A;) = ® for i # j and © is a null soft set. 
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Theorem 2.39. Let (F, A) be a soft group over G and (H, B) be a soft subgroup of 
(PA). Then for alla,y OF (a) either (.H,B) = (GVH, B) or (eH, B) 0 (yh; By = ®: 


Theorem 2.40. Let (F, A) be a soft group over G and (H, A) be a soft subgroup of 
(F, A). Then {(.H,B): 2 €NF(a)} forms a partition of (F,A) over G. 


Theorem 2.41. Let (H,B) be a soft subgroup of a soft group (F,A) over a finite group 
G. Then the order of (H, B) divides the order of (F, A) over G. In particular 
\(F, AJL, A) = (A, B)||CA, B)| 


Proof: Since G is finite so collection of subgroups of G is finite. Hence, the order of 


(fF, A) is finite and the number of soft left cosets of (H, B) in (F, A) is finite. 


Let {(,H, B), (eH, B), (23H, B),...,(2,H, B)} be the set of all distinct left cosets 
of (H, B), where x; € NF(x)i = 1,2,...r. Then by theorem 2.36, we have 

(F, A) = U(e,H, B) and (2,4, B)O (yf, B) =© for alli Ag, 1<i1,j <r. Hence, 
[((F, A) : (A, B)] =r and 


(PF A)] = |(e. A, B)| + Me. B)| + |(2,H, B)| +... + |(e,H, B)| 
By the Corollary 2.33 , we have |(H, A)| = |(z,H, B)| for alll <i<r. 
Thus |(F, A)| = |(<,4, B)| + |(2.H, B)| + |(c,H, B)| +---+|(2,H, B)|, r times, that is 


|(F, A)| = r|(H, B)|. this implies that |(F, A)| = [(P, A) : (4, B)]|(4, B)|. Thus, 
the order of (H, B) divides the order of (FA). 
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2.6 Factor of a soft group 


In this section, we introduce soft maximal normal subgroups, simple soft groups and 


factor soft groups. We establish some results as well. 


Definition 2.42. Let (FA) be a soft group over G. Then a normal soft subgroup 

(H, B) of (F, A) is said to be a soft maximal normal subgroup of (F’, A) if there exists no 
proper normal soft subgroup (K, B) of (F, A), which properly contains (H, B). Thus, a 
normal soft subgroup (H, B) of (F, A) is soft maximal if and only if there exists no 


normal soft subgroup (K, B) of (F, A) such that (H, B) Cc (K, B) C (FA). 


Example 2.43. Let G = {e,a, a’, a®, b, ab, a7b, ab} be a dihedral group of degree 4 
generated by two elements a and b satisfying the relations o(a) = 4, o(b) = 2 and 
ba = a®b. Consider the set of parameters A = {t1, to, ts, ta, ts, te, t, ts}. 

A mapping F': A > P(G) such that F(t,) = {e} , F(t2) = {e, a7} 

F(t3) = {e,b} , F(ta) = {e, ab} , F(ts) = {e, a, a”, a?, b, ab, a*b, ab} 

F(¢) = {e,a,a,a°} , F(t7) = {e,a?,b, ab}, F(ts) = {e, ab, a?, a®d} 


For each parameter, t € A, we have subgroup of G. This implies that (F’ A) is a soft 
group over G. Let (H, B) be an other soft group over G such that B = {ts, te, t7,tg} and 
H(ts) = {e, a, a, a, b, ab, a7b, a®b} , H(t¢) = {e, a, a’, a?} 

H(t7) = {e,a?,b,a?b} , H(t) = {e, ab, a, ab} 

This implies that (H, B) is a normal soft subgroup of (Ff, A). This is a soft maximal 
normal subgroup of (F’, A). 


Definition 2.44. Let (FA) be a soft group over G. Then (F, A) is called a simple soft 
group over G if for any normal soft subgroup (H, B) of (FA) we have either 
(A,B) =U, B)-or (8,.B)= (FA). 
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Example 2.45. Consider the group $3 = {e, x,y, y”, ry, ry} which is generated by two 
elements x and y satisfying the relations o(r) = 2, o(y) =3, o(xy) =2, ry = yx and 
yx = xy”. Consider the set of parameters A = {a, 6,7}. A mapping F': A > P(S3) 
such that F(a) = {e,z}, F(8) = {e,y,y7}, F(y) = {e, zy}. 

Then (F’, A) is a soft group over S3.This is a simple soft group over $3. 


Definition 2.46. Let (FA) be a soft group over G and (H, B) be a normal soft 
subgroup of (fF, A). Then quotient or factor of (FA) by (H, B) is denoted by 
(F, A)/(H, B) = (L, B) and L is defined as L(b) = F'(b)/H(b) for all b € B. 
Since each F'(b)/H(b) is a group under coset multiplication and is written as 

L(b) = {a(H(b)) : « € F(b) Vb € B}. Then (ZL, B) is called a factor soft group of (F’, A) 
by (H, B). 


Theorem 2.47. Let (fF, A) be a soft group over G. A normal soft subgroup (H, B) of 
(fF, A) is soft maximal if and only if the factor soft group (F’, A)/(H, B) is soft simple 


group. 


Proof: Suppose (H, B) is soft maximal and (F, A)/(H, B) is not soft simple group that 
is (F, A)/(H, B) possesses proper normal soft subgroups. Let (Kk, B)/(H,B) be a proper 
normal soft subgroup of (F,A)/(H,B) . Then (K, B) will be a normal soft subgroup of 
(fF, A) containing (H,B). Since (K, B)/(H, B) is a proper soft subgroup of 

(F, A)/(H, B) , therefore (H, B) C (K, B) C (F, A). Thus (K, B)b is a normal soft 
subgroup of (F, A) and (H,B) Cc (K, B) C (F,A). Therefore (H, B) is not soft maximal. 
This contradicts the hypothesis that (H,B) is maximal in (F, A). 

Hence (F, A)/(H, B) must be soft simple. 
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Conversely , let (F, A)/(H, B) be a soft simple and let (H, B) be not soft maximal. 


Since (H, B) is not soft maximal, therefore there exists a normal soft subgroup (K, B) of 
(F', A) such that (H, B) C (K, B) C (Ff, A). Then (K, B)/(H, B) is a normal soft 
subgroup of (F,A)/(H,B). This contradicts the hypothesis, hence (H, B) must be soft 


maxzimum. 
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2.7 Actions of Soft Group 


In this section, we will describe the concept of soft action and exemplify it. In addition, 


we will establish some characterizations about it. 


Example 2.48. Let G be a soft group and H C G soft subgroup. Suppose that 
X={Hg : g€ F(a)} 
is a right soft coset of H. Then for all gj € G , the each mapping 
I], : F(a)’ x F(a) > F(a) 


is a group action, namely, 


t) [],(H9,e) = H(ge) = Hg 
it) IL. 1.(49; 91), 92) = [1.(4 (991, 92) = A((991)92) = H(9(9192)) 
= Ag(gig2) = IL,(49, 9192) 


for all 91, go € F(a). 


Thus, the soft group G acts on the set of right soft cosets of H on the right. 
Similarly, we can show that the soft group G acts on the set of left soft cosets of H on 


the left 


Proposition 2.49. Denote Orbg(x) the orbit of ~ containing x. clearly 


Orbe(x) = {I ],.(9,7) : 9 € F(a)} 


is a G—soft set. 
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Example 2.50. Every soft group G acts on itself as follows. Take X = G. Then for all 
a € A, the mapping 


II, : F(@) x F(a) > F(a) 
(9h) > IL(g,h) =h 


is group action. Thus, this action is called trivial soft action 


Example 2.51. Every soft group G acts on itself by multiplication as follows.Let us 
take the soft group G as soft set X. Then for all a € A, the mapping 


Il, : F(a) x F(a) > F(a) 
(9,h) > ]],(9,h) = gh 


is group action. 


Example 2.52. Every soft group G acts on itself by conjugation as follows. take 
X =G. Then for all a € A, the mapping 


II, : F(a) x F(a) - F(a) 
(g9,h) > TL.(9,h) = ghg™ 


is group action. 


Remark 2.53. Note that if soft group G is abelian, then the soft action of G on itself 


by conjugation is trivial. 
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Definition 2.54. Let X = (X, F’, A) be a G—soft set. Then for all a € A and 


x € F"(a), the stabilizer of x is the 


Stabe(xz) = {9 € F(a) : [], (9,2) =x} 


Definition 2.55. Let G = (G, F, A) acts on itself by conjugation soft action. for all 
a€ Aandhe F(a), the set 


Calh) = 19 € F(a) = TLa(9, 2) = Hah, 9) 
of the orbit of h is called the Centralizer of h in F(a). 


Furthermore, the intersection of all the centralizers of elements of F'(a) is denoted as 


follows 


Z(G) ={9 € Fla) : [L.(9,h) = TL(h, 9), VR € F(a)} 


Proposition 2.56. The Centralizer Ce of h is a soft group over G. 


Proof: For allh € F(a), we can define 


Cea Pe 
WH Can 


it is clear that Cg(h) is a subgroup of G. Thus Ce(h) is a soft group over G. 
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Conclusion 


soft set theory has opened up keen insights and has a rich potential for application in 
many different fields such as ontology , data analysis , forecasting , simulation , decision 
making, medical science , rule mining , algebraic systems , optimization , and textures 


classification. 
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